Intensity modulated arc therapy (IMAT) delivers conformal dose distributions through continuous gantry rotation with constant or variable speed while modulating the field aperture shape and weight. The enlarged angular space and machine delivery constraints make inverse planning of IMAT more intractable as compared to its counterpart of fixed gantry IMRT. Currently, IMAT inverse planning is being done using two extreme methods: the first one computes in beamlet domain with a subsequent arc leaf sequencing, and the second proceeds in machine parameter domain with entire emphasis placed on a pre-determined delivery method without exploring potentially better alternative delivery schemes. Towards truly optimizing the IMAT treatment on a patient specific basis, in this work we propose a total-variation based inverse planning framework for IMAT, which takes advantage of the useful features of the above two existing approaches while avoiding their shortcomings. A quadratic optimization algorithm has been implemented to demonstrate the performance and advantage of the proposed approach. Applications of the technique to a prostate case and a head and neck case indicate that the algorithm is capable of generating IMAT plans with patient specific numbers of arcs efficiently. Superior dose distributions and delivery time are achieved with a maximum number of apertures of three for each field. As compared to conventional beamlet-based algorithms, our method regularizes the field modulation complexity during optimization, and permits us to obtain the best possible plan with a pre-set modulation complexity of fluences. As illustrated in both prostate and head-and-neck case studies, the proposed method produces more favorable dose distributions than the segment-based algorithms, by optimally accommodating the clinical need of intensity modulation levels for each individual field. On a more fundamental level, our formulation preserves the convexity of optimization and makes the search of the global optimal solution possible with a deterministic method.
Introduction
Inverse planning of radiation therapy is generally an optimization problem subject to the physical constraints of delivery methods and treatment machines. The plan quality and computational efficiency of an inverse planning algorithm depend heavily on the way that the constraints are formulated and integrated. The interplay between the optimization and machine constraints is most pronounced in rotational arc radiation delivery. Intensity modulated arc therapy (IMAT) is proposed as a rotation arc therapy solution for multileaf collimator Technology in Cancer Research & Treatment, Volume 11, Number 2, April 2012 (MLC) based treatment machines (1, 2) . Multiple arcs are used in IMAT to achieve sufficient intensity modulation for a volumetric dose delivery. To improve the dose delivery efficiency, the recently commercialized volumetric arc therapy (VMAT) (or RapidArc) uses one or two gantry arcs to achieve a superior dose distribution (3) (4) (5) . In theory, VMAT can be considered as a single arc form of IMAT, and the treatment plan can be derived from the IMAT plan with a sophisticated leaf sequencing step (6) . Because of dramatically increased complexity of the delivery process, the success of rotational arc therapy entails a formal and optimal strategy for optimizing the treatment with effective inclusion of the machine delivery specifics. In this paper, we propose a novel optimization algorithm for IMAT to facilitate the treatment planning process of arc radiation therapy.
In transition from fixed-gantry intensity-modulated radiation therapy (IMRT) to continuous arc delivery, the inverse planning is complicated by two factors. First, the search space is greatly enlarged, which increases the computational burden. Second, due to the delivery constraints, including the limitations of dose rate, gantry speed, and the leaf motion speed of the MLC, the segmental shapes in neighboring fields cannot be arbitrary. Although simple to describe in words, the inclusion of these constraints in a convex optimization algorithm is a mathematically difficult task. Currently, arc therapy inverse planning is being done using two extreme approaches: the first follows the conventional beamlet-based optimization (BBO) strategy in fixed-gantry IMRT and computes the fluence maps of all beam angles without considering the machine delivery process. The machine constraints are considered in the MLC sequencing step for rotational delivery (1, 7) . While computationally efficient, the resultant fluence map of a beam is usually very irregularly shaped and difficult to realize faithfully with a small number of arcs (2, 3). The second approach proceeds by directly optimizing the objective function with respect to the field shapes and weights for a pre-determined delivery (3, (8) (9) (10) (11) (12) (13) (14) (15) . This method is often referred to as direct aperture optimization (DAO). By including the MLC constraints in the solution search, the derived plan is guaranteed to be physically deliverable. The cost of this strategy, however, is the loss of convexity of the optimization model, which results in multiple local minima in the search space. Therefore, less efficient random search schemes, such as simulated annealing, are commonly implemented as practical solutions. These segment-based algorithms cannot guarantee a global optimal solution and the convergence rate is usually low, especially when the number of unknown variables is large such as in arc radiation therapy (3, 16, 17) . Moreover, DAO predetermines the modulation level of each beam before knowing the actual need of the field. An ideal IMAT plan should automatically find an appropriate modulation level for each field angle based on the patient geometry. Using the conventional segment-based algorithms, the search for an optimal setting of the arcs becomes a time-consuming trial-and-error process.
The proposed inverse planning algorithm aims to overcome the issues of the BBO and DAO by including total-variation regularization (TVR) in the objective function. The same two-step framework of beamlet-based planning (i.e. optimization plus leaf sequencing) is used. However, the TVR term favors fluence maps with sparse spatial derivatives in the optimization, leading to piece-wise constant fluences of the involved fields, and thus, a reduced number of arcs after the leaf sequencing step. Compared to DAO, our algorithm preserves the convexity of the optimization formulation and makes the search of the globally optimal solution efficient and deterministic. Furthermore, the modulation complexity for each angle is determined by the optimization algorithm, and case-specific settings of full or partial arcs come out from the TVR-based optimization naturally. While the proposed approach is an extension of the TVR method for fixed-gantry IMRT (18, 19) , it is more than simply treating IMAT as IMRT with more beam angles by using the same planning algorithm. Mathematically, we investigate the limit of strong TVR, as it is important to have solutions with few apertures (less than 3) per beam in IMAT planning. Application of the TVR method to IMAT planning with explicit considerations of the issues relevant to rotational arc therapy, including the behavior of the system in strong regularization limit and computational efficiency in the presence of a large number of incident beams, is the focus of this work. Upon completion of the algorithmic description, the performance of the proposed IMAT inverse planning technique is demonstrated using a prostate case and a head and neck case.
Methods

Treatment Planning using Total-Variation Regularization
The delivered dose distribution on the patient, d, relates to the intensity of the beamlets, x, as:
Where d is a vectorized dose distribution for a threedimensional volume, and the beamlet intensity x is a onedimensional vector that consists of row-wise concatenations of beamlet intensities for all fields. Each column of the matrix A is a beamlet kernel, corresponding to the dose distribution achieved by one beamlet with unit intensity. In this paper, the beamlet kernels are pre-computed using the voxel-based Monte Carlo algorithm (VMC) (20) on the CT images of the patient.
The treatment planning optimization usually uses the square of the L-2 norm of the difference between the delivered dose and the prescribed dose, f 0 (x), as the objective function:
where, the index i denotes different structures; l i is the relative importance factor (21-25); A i is the matrix of beamlet kernels corresponding to the i th structure, and d i is the prescribed dose.
A fluence map generated by a small number of segments has sparse derivatives. Inspired by this fact, we recently proposed to use a TVR term in the optimization objective to encourage piece-wise constant fluence maps, which have sparse derivatives (18, 19) . The IMAT treatment planning using TVR is expressed as:
subject to:
x  0 where, the second term of the objective represents the TVR. The beamlet intensity x is parameterized by the variables u, v and f. The variables u (v) is the row (column) index of the beam intensity for each field and f is the field index. N u is the total number of possible MLC leaf positions for each leaf; N v is the total number of MLC leaf-pairs per field; N f is the number of fields. For simplicity, we assume that each treatment field has a rectangular shape when it is fully open, and N u and N v do not change for different fields. The user-defined parameter b is the penalty weight associated with the TVR term. In this work, the b value is chosen empirically. Note that it is possible to avoid using the penalty weight by reformulating the problem as a multi-objective optimization (19).
The TVR term does not appear linear or quadratic. However, the optimization problem with TVR can cast into a quadratic programming framework. The proposed algorithm was implemented in C, using the MOSEK optimization software package (http://www.mosek.com). Please refer to our previous publication for details (18) . It is also worth mentioning that our algorithm does not rely on the quadratic form of the dose objective, f 0 (x). The TVR term can be used together with other forms of dose objectives (26). Since our algorithm uses the same two-step procedure of the BBO, the dose-volume criteria (or constraints) can be handled in a conventional way.
Arc Sequencing
The proposed optimization generates piece-wise constant fluence maps, which is inherently simpler than un-regulated results and more easily deliverable. It has been demonstrated that it is practically possible to approximately realize a set of fluence maps for a single arc IMAT using a conventional BBO even without any regularization (6) . Our method has potential to simplify the arc sequencing process because of the reduced complexity of fluence maps. A number of arc sequencing algorithms exist and we refer the readers to Refs. (7, 27, 28) for the details. For example, Ref.
(28) discusses a "sliding window" technique for IMRT dose delivery, which can also be directly used in the IMAT scenario. As described in several cited references (2, 4, 29) , the number of arcs required in the dose delivery is case dependent. To a large extent, the required number of arcs also depends on the level of accuracy we wish to reproduce the original dose. In this paper, we focus on the development of the TVR based inverse planning with reduced complexity of fluence maps.
Estimation of Dose Delivery Time
Besides dose conformality, dose delivery time is another important factor in assessing the performance of a treatment plan. Depending on how the intensity levels of the fluence map are formulated, two delivery modes are applied on the state-of-the-art treatment machines: step-and-shoot and continuous rotation. For the step-and-shoot mode, the delivery time can be estimated using the formula in Ref. (30) as:
where MU is the plan-specific monitor units per fraction, DR is the dose rate used for plan delivery, T G is the time required for a gantry rotation of 360 degrees (fixed at 1 min), N B is the number of incident beams, ΔT G is the extra time due to gantry acceleration and deceleration at an angle (fixed at 0.6 s), T MLC is the average MLC leaf travel time between two segments (about 3 s) and N S is the total number of segments.
If dose is delivered using the continuous rotation mode, the last two terms in Eqn.
[4] disappear since the gantry rotates at a constant speed and MLC leaves move simultaneously with the gantry rotation. As such, the delivery time for continuous rotation mode is estimated in a similar way as:
where N A is the number of arcs. 
Evaluation
The proposed algorithm is evaluated by studying a prostate case and a head and neck case. For the prostate patient, 60 equally-spaced fields were placed in the 360-degree angular space. Each field contained 20-by-16 beamlets, with a beamlet size of 5 mm-by-5 mm at the rotation axis. The rectum, bladder and femoral heads were included as organs at risk (OAR). For comparison, we also computed a fixed-gantry IMRT plan and a conformal arc plan for the same patient. The fixed-gantry IMRT planning was obtained using the method presented in our previous publication (18). The gantry angles of the five fields were set at 33, 111, 183, 249 and 327 degrees, respectively. In the conformal arc planning, the beam aperture was fixed as the beam's eye view (BEV) for each field and only the weights were optimized using quadratic programming. The plans were all normalized such that 95% of the PTV volume receives 100% prescribed dose (78 Gy).
For the head and neck case, the IMAT optimization proceeded in a similar way to the prostate case, with 60 beams placed equally in a coplanar plane. Each field contained 16 by 20 beamlets. All the other parameters of the dose calculation were the same as used on the prostate patient. The sensitive structures included the brainstem, mandible, optic chiasm/ nerves, optic lens, parotids, larynx and spinal cord. The same comparisons as in the prostate study were carried out between the proposed IMAT and other treatment plans. In the fixed-gantry IMRT plan, the gantry angles of the seven fields were set at 12, 114, 138, 174, 210, 234 and 336 degrees, respectively.
In our algorithm, the weighting associated with the TVR term, b, controls the balance between the dose performance and the complexity of the fluence maps.
In this paper, we use the maximum number of segments for each field to quantize the complexity of the optimized fluence maps, which is denoted as max seg . The dose delivery times for all the treatment plans in both cases are estimated using Eqns.
[4] and [5] .
Results
Prostate Study
The proposed optimization took about 6 minutes on a 3 GHz PC. Figure 1 shows the optimized fluence maps for different fields with different penalty weights β in the algorithm. The resultant maximum numbers of segments for each field (max seg ) are two, three and four, respectively. Note that the segments have similar shapes in neighboring fields, enabling the MLC leaves to easily reach the desired positions as the gantry rotates with a high speed.
Figure 1 reveals a unique feature of our method. The modulation complexity for each field is automatically determined by the optimization algorithm, resulting in a non-uniform number of segments for different field angles. The piecewise constant fluences of the beams make the subsequent leaf sequencing step simple. For the fluence maps shown in Figure 1 , the resultant dose-volume-histograms (DVH) and dose distributions are shown in Figures 2 and 3 , respectively. For a similar PTV coverage (see Figure 2 (A)), as the complexity of the fluence maps increases (indicated by max seg ), OAR sparing is improved.
To demonstrate the benefit of the proposed algorithm, Figure 4 shows the dose distributions achieved using DAO with simulated annealing, with three segments for each field (max seg 5 3). The cooling schedule is tuned such that the convergence is achieved at different speed. It is seen that the target conformality and OAR sparing improve as the computation time increases. To achieve a similar dose distribution as shown in Figure 3 (B) using our method (6 minutes computation, also with max seg 5 3), the DAO method requires about 150 minutes on the same computer (see Figure 4 (C)). Figure 5 (A) compares the DVH curves obtained using DAO and the proposed method, with the same computation time of 6 minutes. As also seen from the comparison of the dose distributions (Figures 3(B) and 4(A)), our method achieves better target conformality as well as dose sparing of the OARs. The main reason for the inferior performance of the DAO is that, with a fast cooling schedule, the simulation annealing is trapped in a local minimum and therefore cannot achieve fluence maps with adequate modulation (see Figure 5(B) ). Figure 6 shows the results using the five-field IMRT obtained using the TVR based method presented in our previous publication (18) . The total number of segments of the five fields is 85. The DVH comparison of Figure 6 (A) shows that, for the same target conformity, the proposed arc planning yields better sparing of the OARs. A comparison of the proposed method with the conformal arc therapy planning is shown in Figure 7 . The TVR based approach improves the PTV coverage while better sparing the OARs. Table I shows the estimated dose delivery time using the step-and-shoot and continuous rotation modes for a treatment plan of 600 MU per fraction. We assume a constant dose rate of 1400 MU/min and an average MLC leaf travel time of 3 s on the radiation therapy machine (30). As compared to fixedgantry IMRT and IMAT using DAO, our TVR-based IMAT planning obtains a small total number of segments for the same or better dose performance. The delivery time is therefore greatly reduced in the step-and-shoot mode. In the continuous rotation mode, the gantry needs to rotate over fields of small or even zero intensity. Our TVR-based IMAT plan requires the same delivery time as that of a DAO plan. The advantage of our method is mainly on the improved dose performance and reduced planning time.
Head and Neck Study
Mainly due to the small volume sizes of the PTV and the OARs, the proposed optimization took about 1 minute in the head and neck study on a 3 GHz PC, much less than that in the prostate case. The PTV in this case has a complicated "C" shape and is close to several OARs, which implies that high modulation complexities are needed on the fluence maps. The TVR-based method greatly suppresses the field complexity (see Figure 8(A) ) and obtains an optimal plan with high computational efficiency. With a maximum segment number of three for the involved fields, the plan achieves a conformal dose distribution (see Figure 8 (D)). To investigate the effect of TVR on fluence maps, we also generate a plan with weak regularization, i.e. a small b value on the regularization term. As shown in Figure 8(B) , the computed field intensity becomes highly varying, resulting in a maximum segment number of 10 for each field. Figure 9 shows the dose distributions of DAO plans with different numbers of iterations. To achieve an acceptable dose performance, the DAO planning becomes very timeconsuming. With the same computation time, our TVRbased IMAT plan significantly improves OAR sparing as seen in Figure 10(A) . Superior dose performance using the TVR-based IMAT is also observed in the comparisons with the fixed-gantry IMRT and conformal arc therapy, shown in Figures 11 and 12.   Figure 5 : The DVHs and the fluence map using DAO with three segments per field and a fast simulated annealing scheme (Figure 4(A) ). (A) Comparison of DVHs. The solid lines are the DVHs using the DAO method with a fast simulated annealing scheme; the dash lines are the DVHs using the proposed algorithm with max seg 5 3 (using the plan of Figure 1(B) ). The computation time for these two optimizations is approximately the same. (B) Actual fluence map. Table II lists the estimated dose delivery times for different plans. The TVR greatly suppresses the field complexity and therefore reduces the delivery time. As also demonstrated in the prostate case, our approach reduces the delivery time as compared to that of DAO in the step-and-shoot mode.
Discussion
Currently, there are two popular approaches for IMAT inverse planning: BBO and DAO. The former ignores the machine delivery step and often leads to fluences with highly complex modulation. On the other hand, DAO over-emphasizes the delivery constraints and obtains a directly deliverable solution at the cost of dose conformality and compromised convergence of the optimization. The proposed TVR based IMAT inverse planning naturally takes into account of the interplay between planning and delivery and allows us to balance the dose optimality and delivery efficiency in a controlled way.
The TVR-based planning has been applied in the fixed-gantry IMRT to reduce the total number of segments, as shown in our previous publications (18, 19) . In this paper, we further explore the advantages of the TVR method in the rotational arc therapy. The current IMAT planning methods cannot generate plans with a small number of segments and field-specific Figure 6 : Results of the prostate plan using fixed gantry IMRT. (A) Comparison of DVHs. The solid lines are the DVHs using a fixed gantry IMRT with 85 segments; the dash lines are the DVHs using the proposed algorithm with max seg 5 3 (using the plan of Figure 1(B) ). (B) Dose distribution. The iso-dose lines correspond to 95%, 65%, 40% and 20% of the prescribed dose (78 Gy).
Figure 7:
Results of the prostate plan using conformal Arc therapy.
(A) Comparison of DVHs. The solid lines are the DVHs using a conformal arc planning; the dash lines are the DVHs using the proposed algorithm with max seg 5 3 (using the plan of Figure 1(B) ). (B) Dose distribution. The iso-dose lines correspond to 95%, 65%, 40% and 20% of the prescribed dose (78 Gy). The solid lines are the DVHs using the proposed algorithm with max seg 5 10; the dash lines are the DVHs using the proposed algorithm with max seg 5 3.
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(D) Dose distribution with max seg 5 3. The iso-dose lines correspond to 95%, 65% and 30% of the prescribed dose (66 Gy). (E) Dose distribution with max seg 5 10. The iso-dose lines correspond to 95%, 65% and 30% of the prescribed dose (66 Gy).
complexities, while our proposed method naturally optimizes the complexities for different beam angles. The results indicate that it is more beneficial to implement the TVR-based planning in IMAT for both improved treatment performance and dose delivery time. As the available beam angles increase, the mathematical complexity of the IMAT planning becomes significantly higher than that of the fixed-gantry IMRT planning. To reduce the computational burden, we implement the TVR planning in C and achieve an overall optimization time of several minutes in both case studies.
Our inverse planning algorithm is able to achieve a superior dose performance using radiation fields with greatly reduced modulation complexity, which translates into increased radiation delivery efficiency and accuracy (31). It is interesting to note that some of the beams at angular directions have zero weights when the sensitive structure(s) is on the path of the beam. Practically, these "void" fields can be filled by apertures from adjacent fields at the arc sequencing step. This "interpolation" scheme assumes that the rays from a set of source positions over a small angular range can be considered as if they emanate from a single source location at the mid-angular position-the so-called "small arc approximation" extensively studied by Webb and McQuaid (32) . Nonetheless, the dose performance of the plan is slightly compromised, as discussed by Wang et al. (6) . Due to the limitations in Linac MLC leaf motion speed, dose rate and gantry speed modulation, not every optimized IMAT plan is practically deliverable. However, it is useful to note that the gain from the proposed optimization arises from a better search strategy with reduced fluence modulation complexity, and thus the benefit is likely sustainable at the arc sequencing step. A casual inspection of Figures 1  and 8(A) shows that the aperture shape change is less than that of the conventional optimization, suggesting an improved deliverability. Generally, the deliverability of a plan depends on the specific machine specifications. Considering that a plan obtained by BBO can be delivered by a single arc using the sequencing scheme proposed by Wang et al. (6) , there should be no problem to realize the fluence maps generated using the proposed method. Furthermore, since the number of segments for each field is small due to the regulated fluence complexity, our approach simplifies the arc sequencing step and delivery.
BBO emphasizes dose conformality without constraints on the field complexity. In the DAO methods, without mathematical justifications, the complexity of each field is prejudicially determined before the optimization by manually setting the number of segments. As compared to these two existing categories of planning algorithms, an important feature of the proposed method is that total modulation complexity is controllable by the weighting factor b of the regularization term. For a fixed b value, the algorithm automatically determines the necessary modulation complexity for each individual field. When b is small, the TVR has little effects on the optimization. The optimized fluence maps have high complexities and are less efficient for delivery, while the resultant dose distribution is highly conformal. When b is large, the optimized fluence maps are close to piece-wise constant and favorable in the arc sequencing step, while the dose comformalty is compromised accordingly. The b value balances the tradeoff between these two extreme cases. In this work, b is chosen empirically. If one prefers not to use the b parameter, the problem can also be formulated into a multi-objective optimization and solved by finding the Pareto frontier (19).
The DAO methods search for only subsets of physically deliverable fluence maps. The allowed solutions in DAO are scattered into isolated regions which are defined by physical constraints of the MLC. The breakdown of the continuity of the search space generates multiple local minima, even if a convex objective function is used. Therefore, the global optimality of the final solution is not guaranteed and convergence rate of the optimization process is typically low. The proposed algorithm has an implicit but important improvement over the DAO methods on this aspect. By including a TVR term in the objective function, we encourage physically deliverable solutions without zoning the search space. The convexity of the optimization problem is preserved, and the algorithm finds the globally optimal solution efficiently.
Finally, the proposed algorithm is inspired by the fact that the desired fluence maps have sparse derivatives. Many regularization-based techniques have been developed to reduce the IMRT complexity (33). For example, some researchers proposed to minimize the beamlet fluence variation by including the "positive gradient" in the objective function (34, 35) . Our algorithm is derived based on a different theory and efficiently implemented using standard quadratic programming. The method falls into a more general category of optimization algorithms, which are commonly known as compressed sensing (36, 37) . TVR is just one implementation of the compressed sensing techniques.
Other forms of optimization can also be used for our purpose, as long as they obtain sparse solutions as well.
Conclusions
A TVR based inverse treatment planning algorithm is proposed for IMAT. The algorithm uses TVR to reduce the number of beam segments for each radiation field. The proposed approach is superior over the existing methods in several aspects. First, the maximum number of segments for each field is significantly reduced for a highly conformal dose distribution; second, the leaf sequencing step is much simplified due to the reduced complexity of the optimized fluence maps; third, the optimization guarantees a global optimal solution because of the convex nature of the mathematical formulation. 
